There are many possibilities of scenarios in the early universe, which can give rise to the same observational signals due to the degeneracy among each other, caused by equivalence under the conformal transformations. In order to break the degeneracy, in this paper we take into account the so-called "frame-invariant variables" proposed by A. Ijjas and P. J. Steinhardt in [1]. We discuss how the different scenarios will distribute in different parametric space constructed from those variables, waiting for the judgement of real observations in the future. Several concrete models with explicit non-minimal coupling functions are also discussed.
I. INTRODUCTION
There have been more and more models aiming at describing the early stage of our universe. Besides the standard cosmological model that claims our universe begin from a Big-Bang point and expands forever [2] , there are also viewpoints that our universe may come from a contracting phase followed by a bounce [3] , or even several bounces (a.k.a. cyclic) [4] . Therefore, in spite of difficulty, it is important to make clear which is the real appearance of the early universe.
Perhaps the best way to distinguish different scenarios is the constraints from the observations. The most powerful observations of the early universe come from those on CMB photons, which carries information about primordial perturbations. The current data tells us that these perturbations have to 1) be flat and scale-invariant in its scalar mode, 2) have small enough tensor-to-scalar ratio, and 3) have small enough non-Gaussianities [5, 6] . These conditions have excluded many candidates, while they favor the slow-roll inflation model, which is then acknowledged by most people and has been viewed as new standard model. However, along with the theoretical development, people find that not only inflation satisfies those conditions. For example, in the beginning of this century, Ref. [7] (see also [8] ) found that a contracting phase behaving like matter domination can also produce flat and scaleinvariant scalar perturbations, which is actually dual to inflation. However, this matter contraction (or known as matter bounce, if followed by a bounce to expanding phase) will have large tensor-to-scalar ratio. Moreover, if one considers nonminimal coupling to gravity, he will get much more possibilities. Due to the invariance of the power spectrum and non-Gaussianities under conformal transformation, one can get almost arbitrary backgrounds of the early universe, as long as can be related to inflation/matter-contraction by such a transformation [1, 9, 10] . Therefore, there will be "degeneracy" among those backgrounds, for example, when put contracting scenarios with nonminimal coupling into their Einstein frame, they will behave like slow-roll inflation, or vice versa. Since we cannot know which frame the universe should be in at its early stage, we cannot determine which model is of the real world, and which is just the "image" in the mirror of conformal transformation.
How can we break this degeneracy? Since CMB observation itself cannot solve the question, we may have to refer to other methods. In 2015, Ijjas and Steinhardt have provided a novel method to consider frame-independent quantities that are different for the real "object" and its "image" [1] . If we could measure such quantities, we should be able to distinguish each other. However, to do this, we need to obtain the constraints on the time dependence of both particle mass m and the Planck mass M P l , in terms ofṁ/m andṀ P l /M P l , respectively. While we have constraints on both quantities for current value, those for early universe seems lacking. However, this does not mean that we couldn't make any effort towards this way. In this paper, by parameterizing those frameindependent quantities, we're going to obtain regions in the parameter space corresponding to those scenarios, in order to have them distinguished. If there are real constraints on these quantities from observations in the future, we should be able to tell which is real "object". We also discuss some concrete models as specific examples.
The rest of the paper is organized as follows: in Sec. II we review several characteristic scenarios that could give rise to scale-invariant power spectrum, and how they relates to each other. Although inflation and matter contraction have different tensor-to-scalar ratio, since both scenarios are well-known and interesting to us, both will be included in our analysis. In Sec. III we introduce the frame-independent quantities and analyze how they can be used to break the degeneracy between those models. In Sec. IIIA we try to parametrize these quantities in terms ofṁ/m andṀ P l /M P l . According to this, in Sec. IIIB we try to obtain regions in the parameter space for different scenarios, and in Sec. IIIC we discuss about concrete examples. Sec. IV contains our final remarks.
II. THE EARLY UNIVERSE SCENARIOS WITH SCALE-INVARIANT POWER SPECTRUM
A. slow-roll inflation
Inflation [11] [12] [13] is the most well-known scenario to generate scale-invariant scalar and tensor spectrum, especially under the "slow-roll" assumption. In inflation scenario, we consider a scalar field (inflaton) which is slow-rolling down along the potential. Assuming the field to be canonical for simplicity, the action of the scalar field is of the form:
For the case of inflation, since 0 and thus ν −3/2, one can see the second mode of Eq. (10) is decaying and the first mode (constant [38] ) is then dominant. Moreover, the initial condition of u can be obtained from Eq. (6) by considering the large k region, where the second term is much larger than the third term:
which can be combined with Eq. (8) to get: c
The power spectrum and its spectral index of the scalar perturbation are then
from which we can see that the scalar perturbation is nearly scale-invariant. Similarly, one can also calculate the spectrum of tensor perturbation and its scale-dependence. The action of tensor perturbation up to the second order is:
where γ (s) is the nonzero component of γ ij . Action (14) gives the equation of motion:
where
, which gives the solution:
and also
(17) in superhorizon region. Similar to the scalar case, the initial condition of v can be obtained from Eq. (15) by considering the large k region:
which can be combined with Eq. (16) to get:
The power spectrum and spectral index of the tensor perturbation are then
from which we can see that the tensor perturbation is also nearly scale-invariant. Moreover, from Eq. (12) and Eq. (19) one gets the tensor/scalar ratio:
which is within the current constraint: r < 0.07 (95% C.L.) [5] if is less than 4 × 10 −3 .
B. matter contraction
Besides inflation, there are also alternative possibilities on evolution of the early universe which have been deeply discussed in the literature, e.g. the universe may have experienced contraction before its expansion. If there is a smooth transition from contraction to expansion, it will be a nice way to avoid the Big-Bang singularity and explain the origin of our universe. Here we consider the matter bounce model [7, 8] , where the universe begins with a contraction phase with evolution behavior like ordinary matter, namely w 0. Different from inflation case where the perturbations are generated in expanding phase and are dominated by the constant mode, the perturbations in matter bounce models can be generated in contracting phase, therefore the varying mode becomes growing and then dominate over the constant one. In the following we will see that, if the universe contracts with w 0, one can also get scale-invariant scalar and tensor power spectrum.
The action of the universe in contracting phase is
and different from the inflation case, in order to get matter-like contraction, we don't have slow-roll condition any longer. Instead, one needs the (average) value of kinetic and potential terms be nearly the same, φ2 2V (φ) , such that w p /ρ 0. A possible choice to realize so is to have a concave shape, such as V (φ) = m 2 φ 2 /2 where m is the mass of the field, and the field oscillates around its minimum.
The scale factor in matter-contracting phase can be parameterized as:
and the scalar perturbation action up to the second order is the same as Eq. (5), with inf → mc . Therefore, the curvature perturbation ζ has a solution:
with ν = (24) one can see that first mode is constant while the second mode is growing [39] . So the spectrum and spectral index will be determined by the second mode:
which is nearly scale-invariant as mc is close to 3/2. Moreover, the tensor perturbation up to second order is the same as Eq. (14), and the solution is given by
Consider ν 3/2, the second mode (growing) is dominant, with d mc 2 = √ π/2 by matching with the initial condition. The tensor spectrum and spectral index determined by the growing mode are
From Eq. (25) and Eq. (28), one can also get the tensor/scalar ratio:
which is too large although, provided mc 3/2. This is actually a severe problem of matter contraction models realized by a single scalar field. Actually for more complicated models, one can have non-trivial sound speed squared c 2 s , such that P S can be suppressed (or r be raised) by a factor c s . For small c s , such as c s ∼ 10 −2 , r can be suppressed to allowed value by observations, however, as has been proved in [14] as a no-go theorem, it will cause large non-Gaussianities which is again conflict with the data constraints. Another choice is to introduce more than one scalar field, so the scalar power spectrum will roughly be multiplied by a factor of the number of the fields N , while the tensor/scalar ratio is divided by the same N . For large enough N , r can also be dropped into the allowed value.
C. slow contraction
Other than matter-like, the contraction could also be slow (however the energy density grows fast), in order to avoid cosmic anisotropies from dominating the universe [15] . One of the most famous scenarios of contracting universe is the Ekpyrotic scenario proposed some decades ago by Steinhardt et al. [16] , however, the original Ekpyrotic model can make neither scalar perturbation (adiabatic perturbation ζ) nor tensor perturbation scale-invariant, therefore several mechanisms are carried out [17] [18] [19] to amend the model. In this section, we consider the Ekpyrotic model with a scalar field nonminimally coupled to Einstein gravity, as has been proposed in [1] where it is dubbed as the "anamorphic universe" model. The action is of the form:
where f (φ) and k(φ) are functions of φ. By taking into account the non-minimal coupling, this model can be made such that the universe behaves like Ekpyrosis in Jordan frame while behaves like inflation/matter contraction in Einstein frame [1] (see also [20] ). From the action, one can get the equation of motion for φ:
and the energy density and pressure:
and the equation of state of φ is defined as w ≡ p/ρ. One can see from above that, in the usual Ekpyrotic model where f (φ) = 1, the slow-contraction (w ≥ 1) requires k(φ) > 0, V (φ) < 0. However, for anamorphic case, it doesn't need to be so. Actually, in order to get an inflation in Einstein frame, V (φ) still need to be positive. Moreover, the conditions of no-ghost and inflation-like behavior in Einstein frame are given by the inequality [1] 
where E is the slow-roll parameter in Einstein frame. The three inequality symbols from left to right are required by i) the no-ghost condition; ii) contraction and iii) inflation in Einstein frame, respectively [1] . For f (φ) > 0, this condition requires k(φ) < 0. Defining the slow-varying parameters:
one has
where we ignored the time variation of δ sc . Therefore the perturbed action (scalar part) from Eq. (31) reads:
The equation of motion can the same as Eq. (6), except that z = a(t) √ 2Q. For slow contracting we set
and the solution is
in the superhorizon region. Moreover, the tensor part perturbation action is
and the equation of motion is the same as Eq. (15), except that a /a replaced by (a √ f ) /(a √ f ), and v = aγ f /2. Taking into account Eq. (42), the solution is
Conformally dual to inflation. In this case ν −3/2 (with the deviation of O( E )) is required, therefore one has
Moreover, one also has
, which is slowly varying. Actually, this is nothing but H in Einstein frame, which describes inflation. Therefore, one can see that alike the inflation case, the second mode of Eq. (43) is decaying and the first mode is constant and dominating. By matching with initial condition which is the same as Eq. (11), one can get c sc 1 = √ π/2. So the power spectrum and the spectral index of the Ekpyrotic model, which are measured at the end of the Ekpyrotic phase, are
which are nearly scale-invariant considering Eq. (47). Moreover, from Eq. (48) and Eq. (50) one gets the tensor/scalar ratio:
which is the same as the inflation case.
Conformally dual to matter-contraction. In this case ν 3/2 is required, therefore one has
and also, H/ √ Q ∼ |τ | −3 , which is growing. Actually, this is nothing but H in Einstein frame, which describes matter contraction, where the second mode of Eq. (43) is dominating. The power spectrum and spectral index are
which are nearly scale-invariant considering Eq. (53). Moreover, one gets the tensor/scalar ratio:
where¯ sc 3/2 as the matter contraction case.
D. slow expansion
Another interesting example is to assume that the universe has experienced a slowly expansion period in the early universe [21] . This scenario can also be realized based on more fundamental theories, one of the examples being the "string gas model" (see [22] for a review). Similar to the slow-contracting case, the evolution of the scale factor can be parameterized as
As an expansion scenario, one does not need to worry about the anisotropy problem. However, as in the slowcontracting case, the original slow-expansion model with a single scalar field cannot obtain scale-invariant power spectrum either [40] . Therefore, one also need to nonminimally couple the field to gravity to make it behave like inflation in its Einstein frame, so that the perturbations also behave like those of inflation [9] . The action can be written the same as that of the slow contraction in Eq. (31), namely, 
to make ν ∼ −3/2. Therefore, the power spectrum and the spectral index of the slow-expansion model, which are measured at the end of the slow-expansion phase, are
which are nearly scale-invariant considering Eq. (63), where¯ se ≡ (δ se + 2 se )/(2 + δ se ). Moreover, the tensor/scalar ratio is:
Conformally dual to matter-contraction. In like manner, one needs
to make ν ∼ 3/2. The power spectrum and spectral index is
which is nearly scale-invariant considering Eq. (53), where¯ se ≡ (δ se + 2 se )/(2 + δ se ) 3/2. Moreover, the tensor/scalar ratio is:
where¯ se 3/2 as the matter contraction case.
III. BREAKING THE DEGENERACY: FRAME-INVARAINT VARIABLES
A. parameterization
In the above, we have shown that many scenarios can have degenerate results of observables related to the 2 point correlation functions, such as the amplitude of power spectrum (both scalar and tensor), the spectral index and the tensor/scalar ratio. In order to make it clear, we first classify those scenarios into two groups, which we call as the I-group (inflation, and the slow contraction/expansion models that are conformally dual to it), and the M-group (matter contraction, and the slow contraction/expansion models that are conformally dual to it). From the above analysis, the two groups can give totally different tensor/scalar ratios and thus it is very easy to distinguish them by looking at the constraint of tensor/scalar ratio, however, for scenarios inside each group, it seems that these observables are totally degenerate, and it might be unlikely to use them, as we usually used, to distinguish these scenarios.
But are there any other methods/quantities that we can use to distinguish these "seemingly degenerate" scenarios? In [1] , it has been suggested that the answer may be yes. According to [1] , one can define the frameinvariant variables:
where a is the FRW scale factor and H ≡ȧ/a is the Hubble parameter, both are frame-dependent, however. m and M P l are the particle mass and the Planck mass, respectively, and M 0 P l is a normalization factor. In the trivial case of General Relativity (GR), both m and M P l are constant. However, in the nonminimal coupling case, M P l is a time-dependent function and m remains constant in Jordan frame, and vice versa in Einstein frame. Therefore, α m and Θ m M P l represent the scale factor and Hubble parameter in Jordan frame, and α P l and Θ P l M P l represent those in Einstein frame, respectively.
Moreover, one can define the effective slow-roll parameters for Θ m and Θ P l as:
which are also frame-invariant variables. According to these definitions, m ( P l ) can go back to the usual definition: ≡ −Ḣ/H 2 in Jordan (Einstein) frame, respectively. More detailed analysis of such frame-invariant variables are presented in Appendix A.
We're considering various scenarios whose perturbations can be conformally dual to inflation/mattercontraction in their Einstein frames, where there is no nonminimal coupling. When dual to inflation/mattercontraction, although Θ P l M P l is larger/smaller than zero, one can still have Θ m M P l > 0 for expanding background (inflation, slow expansion) and Θ m M P l < 0 for contracting background (matter-contraction, slow contraction). Moreover, as demonstrated above, the m (and also P l ) are totally different in the four scenarios. So using these four variables, the four scenarios can be distinguished, which has been shown in the Table I below.
In the following, we will show how we distinguish these scenarios by using a parametrization way. According to Eq. (76), Θ m M P l can be written as: where we have defined two dimensionless variables, ∆ m ≡ m/(mM 0 P l ) and ∆ P l ≡Ṁ P l /(M P l M 0 P l ), which describe the relative running of particle mass m and Planck mass M P l , respectively. Moreover, from the definition of the slow-roll parameters Eq. (77), although a little bit complicated, one can obtain the relationship between m and P l :
Taking derivatives of both sides, and note that
where D ≡ ∆ M − ∆ m , and γ ≡ M P l /M 0 P l . The integral interval is constrained by e-folding number in Einstein-frame:
which is also frame-invariant. For I-group, in order to solve the Big-Bang problems, N E should be around, say, 60. However, for M-group, since the Big-Bang problems are considered in other mechanisms, the constraint on N E mainly comes from observation, therefore can be much shorter than 60. For example, Ref. [24] gives a minimum e-folding number of 18 by BBN constraint on non-standard cosmologies, while in Ref. [25] people only considered the e-folding number to be as few as 12.
Our strategy is very simple: for either I-group or Mgroup, the Einstein-frame quantities Θ P l and P l can be easily parametrized. Therefore, ∆ m , ∆ P l and γ can be used to describe the difference of Hubble parameter and slow-roll parameters between two frames, and once they are known, one can derive Θ m and m from Eq. (78) and Eq. (81), and according to Table I , the evolution of the universe can be known.
Actually, there have been many discussions around constraining the running of both particle mass and Planck mass in the literature. For example, Refs. [26] [27] [28] [29] [30] discussed about constraints on variation of proton and electron masses from various ages to today, while Refs. [31] [32] [33] [34] [35] discussed about the change of Newtonian constant G (corresponding to the Planck mass M P l ) in scalar-tensor theories. However, these constraints seems only for current values within a few redshift, and as far as we know, the constraints, especially on the time derivative of m and M P l , on very high redshifts like primordial age, seems still be lacking. Nevertheless, it is reasonable to expect that we can also obtain the constraints on early values of ∆ m and ∆ P l in the future, and once we obtain those constraints, we can use them to determine what process our universe have experienced at that time.
However, even without constraints from observational data, one can still parametrize ∆ m and ∆ P l to analyze their effects to cosmic evolution. For either I-group or Mgroup where the scenarios behaves like inflation/mattercontraction in their Einstein frame, one can parametrize the Einstein frame scale factor and Hubble parameter as:
with E = P l is a positive constant. Therefore from Eq. (82) one has
E N E − 1, and from Eq. (81) one has:
dividing in parameter space
From Eq. (84), we can see that given the parameters in Einstein frame, namely E and N E , both quantities Θ m and m can be expressed in terms of some combinations of the parameters we defined, namely D/γ,Ḋ/(M 0 P l γ 2 ), as well as ∆ m /γ. Therefore, one can study how these quantities, required to satisfy various conditions in Table  I , are distributed in the parameter space formed by these parameters, as will be done in this section. Although the parameter space consists of 3 parameters and is 3 dimension, since in the following we only consider about scenarios in Jordan frame, the parameter space then consists of only 2 parameters (namely D/γ andḊ/(M 0 P l γ 2 )) and reduces to 2 dimension.
We consider the I-group and M-group separately. According to Table. I and Eq. (84), for I-group, we plot the region in the parameter space {D/γ,Ḋ/(M 0 P l γ 2 )} inside which the universe in Jordan frame evolves as slowcontraction and slow-expansion in Figs. 1, 2, 3 and 4 , respectively. In the plots, we choose various values of ε E and N E , which are allowed by the current observations. The plots indicate that, although the information of perturbations of those scenarios are degenerated such that we cannot distinguish the scenarios in Jordan frame, as long as we can detect the parameters D/γ anḋ D/(M 0 P l γ 2 ) and determine which region (shadowed or not) they are located, we can actually break the degeneracy. Moreover, as we see in the figure, in order to have slow-contraction or slow expansion, in general large D/γ and/orḊ/(M 0 P l γ 2 ) are needed, which indicates a large running of Planck mass in the early universe. This may be due to the fact that a small E in Eq. (84) will suppress the deviation of both Θ m and m from Θ P l and P l , i.e. Hubble parameter and slow-roll parameter in Einstein frame.
Furthermore, for the case when D = 0, the trivial case of GR will be recovered. In this case, the Einstein and Jordan frame coincide, with Θ m M = Θ P l = H, m = E , and the universe is inflation even in Jordan frame.
For M-group, we also plot the region in the parameter space {D/γ,Ḋ/(M 0 P l γ 2 )} inside which the universe in Jordan frame evolves as slow-contraction and slowexpansion in Figs. 5 and 6 respectively. In the plots, we choose several values of N E will fixing E = 3/2. One could see from the figure that, in this case, even for small running of Planck mass, there could also be large possibility that we get slow evolution scenario in Jordan frame. Therefore it is easier to have diversity of scenarios, without the suppression effect of E . However, as we can also see from the figures, the results are a little bit sensitive to N E because of the exponential form. The difference of 1 e-fold will shift the shape by one or several order of magnitude in terms of D/γ.
Moreover, the case of D = 0 also reduces to the GR case where the Einstein and Jordan frame coincide. Therefore, even in Jordan frame, the universe is mattercontraction. Note that all the above results are consistent with our previous works with specific examples [10] .
C. f [φ (t)]: concrete examples
The above subsection discussed about the probability of various cosmic scenarios in Jordan frame using the parameterization method. In order to give concrete examples, in this subsection we consider several models with different forms of f [φ (t)]. Since f is a function of φ and φ is a function of t, in this work we consider directly f is a function of t. and for simplicity but without generality, we consider three cases, including exponential form, power-law form and polynomial form.
According to conformal transformation, we have: which can give rise to:
Actually, it can be easily seen that f (t J ) is equal to M pl /M 0 pl . Therefore, we can rewrite Eq. (84) as:
First of all, we consider f (t J ) to be of exponential form, 
In this case, from Eqs. (87) and (88) we get
J /β is the integral constant. Usually one has the freedom to choose the initial conditions t 0 E = 2 √ αe βt 0 J /β to make C = 0, correspondingly giving Θ m = (1 − E )/ E t E and ε m = 0, which are independent of α and β. Since for I-group t E > 0, 0 < ε E 1 while for M-group t E < 0, ε E 3/2, one finds that in this case, no matter which group it is in, we have Θ m > 0 and ε m = 0, therefore giving rise to inflation-like behavior in the Jordan frame.
However, there is a special case where β → 0, which make the case reduce to GR case by letting f (t) become a constant. In this case, C will be very large unless a diverging t 0 E is defined to cancel the divergence of β. Therefore from the equations above, it will give rise to Θ m → Θ E = 1/ E t E and m → E , as is expected.
Secondly, we consider f (t J ) to be of power-law form, namely
In this case, we get:
) to make C = 0, the above formula will be reduced to
which only depend on the parameter β.
For the case of I-group, we have t E > 0 and 0 < ε E 1. Therefore, Θ m > 0 for β > −1 or β < −1/(1 − E ) while Θ m < 0 for only narrow range of −1/(1 − E ) < β < −1. Moreover, for large value of β, we have ≈ E , which gives rise to inflation-like behavior in Jordan frame. The phase space for slow-contraction and slow expansion will be constrained to the regions of (−1/(1 −
For the case of M-group, we have t E < 0 and ε E = 3/2. Therefore Θ m > 0 for β > 2 or β < −1 while Θ m < 0 for −1 < β < 2. Therefore for large value of β, we have → 0, which still gives rise to inflation-like behavior in Jordan frame. The phase space for slow-contraction and slow expansion will be constrained to the regions of [1, 2) and (2, 5), respectively. These results are consistent with the analysis in [10] .
Finally, we consider f (t J ) to be of polynomial form, namely
In this case, one has:
where ρ ≡ α 2 /(2β), and
2 /2 to make C = 0, the above formula will be reduced to
which depend not only on the both α and β (in terms of a single parameter ρ), but also on t E in a nontrivial manner.
For the case of I-group, we have t E > 0 and 0 < ε E 1. Therefore, Θ m > 0 for ρ < −t E or ρ > (ε E − 2)t E /2, while Θ m < 0 for (ε E − 2)t E /2 < ρ < −t E . Moreover, when ρ = ε E t E (ε E + 1)/[2(2ε E − 1)] − t E , we have ε m ≈ ε E , which gives rise to inflation-like behavior in Jordan frame. Note that although we can make Θ m > 0, there is no way to get slow-contraction phase, since the condition of m > 3 cannot be satisfied. The phase space for slow-expansion will be constrained to the region of (ε E − 2)t E /2 < ρ < (ε E − 2)t E /[2(ε E + 1)].
For the case of M-group, we have t E < 0 and ε E = 3/2. Therefore, Θ m > 0 for −t E /4 < ρ < −t E , while Θ m < 0 for ρ < −t E /4 or ρ > −t E . Moreover, when ρ ≈ ε E t E (ε E + 1)/[2(2ε E − 1)] − t E → −t E /16, we have ε m ≈ 3/2, which gives rise to matter-contraction-like behavior in Jordan frame. The phase space for slow-contraction and slow-expansion will be constrained to the regions of t E /2 < ρ < 0 and −t E /4 < ρ < −t E , respectively.
IV. CONCLUSION
There are various possibilities of cosmological scenarios in the early universe. Although the observational data such as PLANCK can give more and more accurate constraints on those scenarios, there are still some that could not be distinguished from each other, not due to the precisions of observations, but due to the degeneracies in physics, caused by the dual relations such as conformal transformations. In order to distinguish those conformally related scenarios, we may need more variables to break the degeneracy.
In this paper, we made use of the frame-invariant variables defined in [1] , to discuss how we can distinguish those scenarios. These different values of frame-invariant variables can describe different scenarios according to Table. I. These variables are constructed from the variation of Planck mass as well as particle mass. Although there are still no observational data to give constraints on these variables, we obtained various regions in parameter space corresponding to different scenarios. We found that to get slow-evolutions in I-group, one in general need large running of Planck mass, due to the suppressing effect of the slow-roll parameters. On the other hand, the requirement will be relaxed in M-group, but due to the exponential dependence of m on N E , the region of parameter space becomes more sensitive to N E than those in I-group. Moreover, we also used several explicit models of the coupling function f (φ) with up to 2 free parameters, and got various constraints on those parameters to obtain different scenarios. Our results are consistent with previous analysis.
As a next step, it is therefore important to pursue whether and how can we really constraint those frameinvariant quantities using observational data, especially in terms of ∆ M and ∆ m , since once we can get them constrained, we can localize where they are in the parameter space, and thus we can know which scenario the early universe would prefer. There have been some discussions on how to constrain those quantities for early time of the universe, such as the "standard clock" approach [36, 37] . The further discussion about this project will be postponed to future research.
